An algebra tt of operators on a Hubert space H is called reductive in case every subspace of H invariant under U is invariant under U*. Our objective in this note is to indicate how to construct some nonselfadjoint, ultraweakly closed, reductive algebras. Our algebras do not provide a counterexample to the reductive algebra question: Are there any nonselfadjoint, weakly closed, reductive algebras? because each is weakly dense in the von Neumann algebra it generates. However, they do provide evidence for a negative answer to the question.
[1].
The following theorem goes back to Helson and Lowdenslager [3] and its proof may be constructed easily from Arveson's paper [1] or from Forelli 1 Partially supported by a grant from the National Science Foundation.
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There is a converse, but it will not be needed for our examples. It follows that U will be reductive whenever it is impossible to find a subspace invariant under SB on which {oc t } tOER is unitarily implemented; i.e., on which there is a unitary representation of R satisfying (*). The following theorem provides criteria for deciding when this happens. Surprisingly, examples of factors and automorphism groups satisfying the hypotheses of Theorem 2 abound in nature (cf.
[6]); however, they are often difficult to exhibit explicitly. A reasonably tractable concrete example, shown to us by Takesaki, can be constructed with a variant of the group-measure construction of Murray and von Neumann.
As we mentioned above, our examples are weakly dense in their containing von Neumann algebras. To see this, observe that if 53 and {a,} feR satisfy the hypotheses of Theorem 2, then any finite ampliation of 93 together with the automorphism group induced by {a f } fGR also satisfies the hypotheses of Theorem 2. From this, it follows that every finite ampliation of U has the same invariant subspaces as the corresponding ampliation of 93; whence U is weakly dense in 58. No matter what the final answer to the reductive algebra question is, our examples place in sharp relief once again differences between the weak and ultraweak topologies-differences not anticipated by conventional wisdom.
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